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Abstract Within the framework of Taylor models,no fundamentaldifferenceexists be-
tweentheantidervationandthemorestandardelementaryperationsindeed a
Taylor modelfor theantidervative of anotherTaylor modelis straightforvardto
computeandtrivially satisfiesnclusionmonotonicity

This obsenationleadsto the possibility of treatingimplicit ODEsand,more
importantly DAEs within afully DifferentialAlgebraiccontet, i.e. asimplicit
equationgmadeof cornventionalfunctionsaswell asthe antidervation. To this
end,the highestderivative of the solutionfunctionoccurringin eitherthe ODE
or the constraintconditionsof the DAE is representedby a Taylor model. All
occurringowerderivativesarerepresentedsantideriativesof thisTaylormodel.

By rewriting this derivative-free systemin a fixed point form, the solution
can be obtainedfrom a contractingDifferential Algebraic operatorin a finite
numberof steps. Using Schaudeg Theorem,an additional verification step
guaranteesontainmenof the exactsolutionin the computedTaylor model. As
aby-productwe obtaindirectmethoddor theintegrationof higherorderODEs.
The performancef the methodis illustratedthroughexamples.

Keywords: Intenvals, Taylor models Differential Algebra, Antiderivation, OrdinaryDiffer-
ential EquationsDifferential AlgebraicEquations

1. Intr oduction

While sophisticatedjeneral-purposmethoddor the verifiedintegrationof
explicit ODEs have beendeveloped(Lohner 1987; Berz and Makino, 1998;
Nedialkov et al., 1999), none of thesecan readily be usedfor the verified
integrationof implicit ODEsor DifferentialAlgebraicEquations.Herewe will
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presenia nev methodfor the verifiedintegrationof implicit ODEsthatcanbe
extendedo generahighindex DAEs.

By using a structuralanalysis(Pantelides,1988; Pryce, 2000), it is often
possibleto transformagiven DAE into anequialentsystermof implicit ODEs.
If thedervedsystems describedy aTaylormodel,representingachderivate
by anindependentariable verifiedinversionof functionaldependencie®Berz
andHoefkens,2001;HoefkensandBerz,2001)canbeutilized to solve for the
highestderivatives. TheresultingTaylor modelformsanenclosureof theright
handsideof anexplicit ODE thatis equivalentto theoriginal DAE. While this
explicit systemis suitablefor integrationwith Taylor modelsolvers(Berzand
Makino, 1998),the approachs limited to relatvely small systemssincethe
intermediatdnversionrequiresa substantialncreasan the dimensionalityof
the problem. An implementatiorof this inversion-base®AE integrationhas
recentlybeenpresenteqHoefkensetal., 2001).

Here,we will derive amethodfor the verifiedintegrationof implicit ODEs
thatis basedntheobsewnationthat solutionscanbeobtained asfixedpointsof a
certainoperatocontaning theantiderivation. Wewill shav thatthisdifferential
algebraicoperatoiis particularlywell suitedfor practicalapplicationssinceit
is guaranteedtb corvergeto theexactsolutionin atmostn stepgwheren € N
is the orderof the Taylor model). The underlyingmathematicatonceptsare
reviewed in Section2 andthe main algorithmis presentedtogetherwith an
example,in Section3.

Sincethe methodcanalsodeterminethe index (AscherandPetzold,1998)
and a schemefor transformingDAESs into implicit ODEs, it canbe usedto
computeTaylor modelenclosuresf the solutionsof DAEs. Additionally, due
to thehigh orderof the Taylor modelmethodqn = 20 is notuncommon)the
schemecanbe appliedto high-index problemsthatare even hardto integrate
with existing non-\erified DAE solvers.

2. Mathematical Structur es

In this sectionwe review the mathematicatonceptghatform the basisof
the Taylor modelmethodandthe new integrationschemeto beintroducedin
Section3. Sinceour mainfocusis thepresentatiof saidalgorithm,andsince
mostof the materialhasbeenpresentectlsevhere,we will be quite terseand
provide appropriateeferencesvhere/er necessary

2.1. Differ ential Algebraic Methods

The differential algebra,, D,, (Berz, 1999) plays an importantrole in the
remainderof this paper After giving a brief introduction,we will statean
importantfixed pointtheoremfor operatorsiefinedon ,, D,,. In Section3, this
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theoremwill enableus to obtainsolutionsof implicit ODE systemsby mere
iterationof arelatively simpleoperator

Definition 1 Let U C RY be openand assumethat0 € U. For f,g €
C"*t1(U,R¥) we saythat f equalsg up to ordern if f£(0) = g(0) and all
partial derivativesof orders up to n agreeat the origin. If f equalsg upto
ordern, wedenotethatby f =, g.

Therelation“=," is an equivalencerelationon C**! (U, R*), andthe set
of equivalenceclassess called,, D, ; the classcontainingf € C"+1(U,R?) is
denotedvy [f],, andtheindividual equivalenceclassesrecalledDA vectors.

Proposition1 Let f be asin the previous definition. If we denotethe n-th
order Taylor expansionof f at theorigin by T, thenTY is a representativeof
theclass[f], —i.e. Ty € [f]n.

Sincen-th orderTaylor polynomialscanbechoserasrepresentatesfor the
DA vectors,the structureandits elementaryoperationsare the foundationof
theimplementatiorof the Taylor polynomialdatatypein the high ordercode
COSY Infinity (Berzetal., 1996). It shouldbe notedthat,, D,, becomesan
algebraif theelementanpoperationgandevenintrinsic functionslike exp and
sin) aredefinedappropratdy. Moreover, afterproperlyextendngthederivative
operationd from the setC™*!(U, R¥) to ,, D,, the latter forms a differential
algebra. Therelevanceof this structurefor computationabpplicationsstems
from resultsthatarebasedon the following definition.

Definition 2 For [f], € ,D,, thedepthA([f],) is definedto bethe order of
the first, at the origin non-vanishingderivativeof f if [f], # 0 andn + 1
otherwise

Let O bean operator definedon M C ,D,. O is contractingon M, if for
any|[fln # [g]n in M, wehave

AO([f1n) = O([gln)) > A([fln = [gln)-

If onecompareghe depthA with a normon Banachspacesthis definition
resembleshe correspondinglefinition of contractingoperators.Moreover, a
theoremthatis equivalentto the BanachFixed Point Theoremcanbe estab-
lished.But, unlikein theusualcasethefixedpointtheorenon,, D, guarantees
corvergenceof thesequencef iteratesin atmostn + 1 steps.

Theorem 1 (DA Fixed Point Theorem) Let O bea contractingopeiator and
self-mapon M C ,D,. ThenO hasa uniquefixedpointa € M. Moreover,
for anyay € M thesequencey, = O(ar_1) convergesin at mostn + 1 steps
toa.



A detailedproof of this theoremhasbeengivenin (Berz, 1999). Since
the DA Fixed Point Theoremassureghe corvergenceto the exactn-th order
resultin at mostn + 1 iterations,contractingoperatorsare particularly well
suitedfor practicalapplications. For the remainderof this article, the most
importantexamplesof contractingoperatorsaretheantidervation, purelynon-
linear functionsdefinedon the setof origin-preservingDA vectors,andsums
of contractingoperators.

2.2. Taylor Models

Taylor modelsare a combinationof multivariatehigh order Taylor polyno-
mialswith floating point coeficientsandremainderintenals for verification.
They have recentlybeenusedfor a variety of applicationsjncluding verified
boundingof highly complex functions,solutionof ODEswith substantiate-
ductionof thewrappingeffect (MakinoandBerz,2000),andhigh-dimensional
verifiedquadraturéMakino andBerz,1996;Berz,2000).

Definition 3 Let D C RY beaboxwith zy € D. LetP : D — RY bea
polynomialof ordern (n,v,w € N) and R C R* bean opennon-emptyset.
Thenthe quadruple (P, zy, D, R) is called a Taylor model of ordern with
expansionpoint zy over D.

In generalwe view Taylor modelsassubset®f functionspacedy virtue of
thefollowing definition.

Definition 4 Givena Taylor modelT = (P, zy, D, R). ThenT is the setof
functionsf € C"*!(D,R¥) thatsatisfyf(z) — P(z) € Rfor all z € D and
the n-th order Taylor expansionof f aroundz, € D equalsP. Moreover, if
f € c"t1(D,R") is containedn T, T is calleda Taylor modelfor f.

It hasbeenshavn (Makino andBerz, 1996; Makino and Berz, 1999)that
the Taylor modelapproachallows the verified modelingof complicatedmul-
tidimensionalfunctionsto high orders,and that comparedto nawve intenal
methods;Taylor models

» increasehesharpnessf theremaindetermwith the (n + 1)-storderof
thedomainsize;

= avoid thedependencproblemto high order;

n offer acurefor thedimensionalitycurse.

Thereis anobvious connectiorbetweenTaylor modelsandthe differential
algebra, D,, throughthe prominentrole of n-th ordermultivariateTaylor poly-
nomials. This connectiorhasbeenexploited by basingthe implementatiorof
Taylor modelsin the codeCOSY Infinity on the highly optimizedimplemen-
tationof the differentialalgebra, D,.
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Antideri vation of Taylor Models.  For a polynomial P, we denoteby P,

all termsof P of ordersupto (andincluding)n andby B(P, D) aboundof the
rangeof P overthedomainbox D. Then,theantidervation of Taylor models
is given by the following definition (Berz and Makino, 1998; Makino et al.,

2000).

Definition 5 For a n-th order Taylor modelT = (P,zy, D,R) and k =
1,...,v,let

T
Qk :/ Py (xla"'axk—lagkaxk-kla"'71"(1)d£k'
0

Theantiderivatived; ' of T is definedby
O (T) = (Qk: %0, D, (B(Py = Py, D) + R) - B(zy, D)) -

SinceQy, is of ordern, the definition assureghat for a n-th order Taylor
modelT’, theantidervative Bgl(T) is againan-th orderTaylor model. More-
over, sinceall termsof T' of exactordern areboundinto the remainderthe
antidervationis inclusionmonotoneandletsthefollowing diagramcommute.

fe - T

Is* o'

oF f(&)dey, —— 0, 1(T)

It is notewvorthy thattheantidervationdoesnotfundamentallydiffer from other
intrinsic functionson Taylor models.Moreover, sinceit is DA-contractingand
smoothness-presergnit hasdesirablepropertiesfor computationabpplica-
tions. Finally, it shouldalsobenotedthattheantidervationof Taylormodelsis
compatiblewith the correspondingperationon the differentialalgebra, D, .

3. Verified Integration of Implicit ODEs

In thissectionwe presenthemainresultof thisarticle: aTaylormodelbased
algorithmfor theverifiedintegrationof thegeneralODE initial valueproblem

F(z,7',t) =0 and z(0) = .

Without loss of generality we will assumethat the problemis statedas an
implicit first ordersystemwith a sufiiciently smoothF'.
UsingTaylormodelmethoddor theverifiedintegrationof initial valueprob-
lemsallows the propagatiorof initial conditionsby notonly expandingthe so-
lutionin time, but alsoin thetrans\ersevariablegBerzandMakino, 1998). By
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representingheinitial conditionsasadditionalDA variablestheirdependence
canbepropagatethroughtheintegrationprocessandthisallows Taylormodel
basedntegratorsto reducehewrappingeffectto highorder(MakinoandBerz,
2000). Moreover, in thecontext of thisalgorithm,expandingtheconsistenini-
tial conditionsin the trans\ersalvariablesfurther reduceghe wrappingeffect
and allows the systemto be rewritten in a dervative-free, origin preserving
form suitablefor verifiedintegration.

Later, it will be shavn thatthe new methodalsoallows the directintegra-
tion of higherorderproblems oftenresultingin a substantiateductionof the
problems dimensionality After presentingthe algorithm, an example will
demonstratéts performanceandin 3.2 the individual aspectf the method
will bediscussedn moredetail.

A singlen-th orderintegration stepof the basicalgorithm consistsof the
following sub-steps:

1 Usingasuitablenumericaimethod(e.g. Newton),determineaconsistent
initial conditionz’(0) = zj, suchthat F'(z, 5, 0) = 0.

2 Utilizing the antidervation, rewrite the original problemin a dervative-
freeform:

() =F (xo + /Otg(T)dT,g,t) = 0.

3 Substitute = ¢ — z{, to obtainanew function ¥ ({,t) = ®(¢ + xf, t).

4 Usingthe DA framework of ,,D,, extractthe constantandlinear parts
from the previousequation:¥ (¢, t) =1 C' + L¢(¢) + Ly(2).

5 If L. isinvertible,transformthe original problemto anequvalentfixed
pointform

¢=0(C) = —L (2 1) — Le(0)) -
On the otherhand,if L. is singular no solution exists for the given
consistentnitial condition.

6 Iterationwith a startingvalueof ¢(¥) = 0 yieldsthen-th ordersolution
polynomial P(t) =, ¢(t) in atmostn steps.

7 Verify the resultby constructinga Taylor modelT', with the reference
polynomial P, suchthatO(T') C T.

8 Recwerthetime expansiorof thedependentariablez(t) by addingthe
constanpartsandusingthe antidervation:

t
z(t) = zg -I—/O (¢(7) + =) dr.
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Fromthisoutline, it is apparenthat,by replacingall lower orderderivativesof
aparticularfunctionby its correspondin@ntidervatives,themethodcaneasily
be modifiedto allow directintegrationof higherorderODEs. In thatcasethe
generakecondorderproblem

G(z,2',2",t) =0 z(0) = zg, 2'(0) = x|

couldbewritten as

D&, t) =G (xo + /Ot (xg + /OTf(a)da) dr,zgy + /Otg(f)dr,g,t> =0.

And oncethe function ® hasbeendeterminedthe algorithm continueswith
minor adjustmentsit the third step. Similar algumentscanbe madefor more
generahigherorderODEs.

3.1. Example

Earlier weindicatedthatthepresentednethodcanalsobeusedor thedirect
integration of higherorderproblems. To illustratethis, andto shav how the
methodworksin practice considettheimplicit secondrderODE initial value
problem

e 42"tz = 0

z(0) =z = 1

Z'(0)=z; = 0.
While the demonstratiorof this exampleusesexplicit algebraictransforma-
tions for illustrative purposesit is importantto keepin mind that the actual

implementationusesthe DA framavork and doesnot rely on such explicit
manipulations.

1 Computea consistentnitial valuefor zi = z"(0) suchthate® + z/ +
zo = 0. A simpleNewton method,with a startingvalueof 0, findsthe
uniquesolutionzy = —1.278464542761074 in justafew steps.

2 Rewritetheoriginal ODEin aderivative-freeformby subsitutingé = z”:

B(&,t) = D 4 £(t) + (:z:o + /Ot (a:g + /OT f(a)da) d7> = 0.

3 Definethe new dependentariable( asthe relative distanceof ¢ to its
consistentnitial valueandsubstitute; = ¢ — z{ in ® to obtainthenew
function ¥:

" t T
\IJ(C,t):C+x6'+ezge<+l+x2—0t2+/ / ¢(o)dodr = 0.
0o Jo



4 ThelinearpartL:(¢) of ¥ is 1 + €%; 1 is the constantoeficient and
% resultsfrom thelinear partof the exponentiaffunctione.

5 With L, from the previous step,the solution¢ is a fixed point of the
contractingoperatorQ:

” 4 2 t T
C=0(C)=ﬁ (e%(c—eC)—mﬁ—l—%‘)t —/0 /0 C(a)dad‘r>.

6 Startwith aninitial valueof ¢(%) = 0, to obtainthen-th orderexpansion
P of ¢ in exactly n steps:((F+D) = O (¢¥).

7 Theresultis verifiedby constructinga TaylormodelT" with thecomputed
referencegolynomial P suchthatO(T') C T (referencepointty = 0 and
timedomain0, 0.5]). With theTaylormodelT' = (P, (—10~'4,107'4))
(referencepointanddomainomitted),it is

O(T) = (P, (—0.659807722506 - 104, 0.659857319143 - 10~ 14)) .

SinceP is afixedpointof O, theinclusionO(T') C T canbechecledby
simply comparingthe remaindeboundsof 7" and O(T'); the inclusion
requirements obviously satisfiedfor the constructed’.

8 Lastly, a Taylor modelfor z is obtainedby usingthe antidervation of
Taylormodels:

t T
z(t) € S = zg —I-/O (g +/0 (zy + ((0))do)dT.

The following listing shavs the actualresultof order25 computedby
COSY Infinity

RDA VARIABLE: NO= 25, NV= 1
I COEFFICIENT ORDER

1.000000000000000 0
-.6392322713805370 2
.4166666666666668E-01 4
.1993921404777223E-02 6
.6314945441169959E-04 8
.2635524930464548E-05 10
.4411105791086625E-06 12
.1533094467519992E-07 14
.8104707776528831E-08 16
10 -.3384116382961162E-09 18
11 -.1389729003787960E-09 20
12 0.1981078695604361E-10 22
13 0.1549987273495670E-11 24

0O N o ok WN -
I © O | O

©
o




VAR REFERENCE POINT DOMAIN INTERVAL
1 0.000000000000000 [0.00000, 0.50000]
REMAINDER BOUND INTERVAL
R [-.2500253775762034E-014,0.2500000000000003E-014]

3k 3k 3k 3k 3k 2k 3k 3k 3k 3k 3k ok 3k 3k 3k 3k %k 3k 3k 3k 3k %k 3k 3k 3k 3k %k 3k 3k 3k 3k 3k 3k %k %k 3k 3k 3k 3k %k %k %k 3k 3k 3k 3k %k %k 3k %k % %k %k %k %k % %k

This examplehasshavn how the new methodcanintegrateimplicit ODE
initial valueproblemsto high accurag. It shouldbe notedthatthe magnitude
of the final enclosureof the solutionis in the orderof 10~* for a relatively
largetime stepof At = 0.5.

Extensionf thisbasicalgorithmincludetheautomatedntegrationof DAE
problemswith index analysismultiple time stepsandautomatedtepsizecon-
trol, andpropagatiorof initial conditionsto obtainflows of differentialequa-
tions.

3.2. Remarks

Wewill now commenbntheindividual stepsof thebasicalgorithmand focus
onhow they canbe performedautomaticallywithoutthe needfor manualuser
interventions.

Stepl. Intheintegrationof explicit ODEs,theinitial derivative is computed
automaticallyaspartof the mainalgorithm. Here,the consistentnitial condi-
tion z{, hasto be obtainedduringa pre-analysistep(which is quite similar to
thecomputatiorof consisteninitial conditionsin thecaseof DAE integration).

Sincethe consisteninitial conditionmay not be unique,verified methods
have to be usedfor an exhaustve global search. To simplify this, the user
shouldbe ableto supplyinitial searchregionsfor zj,. As anillustrationof the
non-uniquenessf the solutions,considerthe problem

(z' (£))? + (sin (£))* = 1 and z(0) = 0.

Obviously, z;, = —1 andz{, = +1 areboth consisteninitial conditionsand
leadto thetwo distinctsolutionsz (t) = — sin(¢) andxzo(t) = + sin(t).

Finally, it shouldbenoted thatwehavetofind bothafloating pointnumberzj,
(suchthat F'(z, zj, 0) = 0 is satisfiedto machineprecision)andaguaranteed
interval enclosurecy, of therealroot. Wewill revisit thisissuein thediscussion
of steps6, 7 and8.

Step2.  With a suitableuserinterface and a dynamically typed runtime
ervironment(e.g. COSY Infinity), the substitutionof the variableswith an-
tiderivatives can be doneautomatically and thereis no needfor the userto
rewrite theequationdy hand.
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Step3. By shifting to coordinateghat arerelative to the consistentnitial
conditionzj,, thesolutionspaces restrictedothesetM = {a € , D, : A(a) >
1} of origin-preservingDA vectors. In step6, this allows the definition of a
DA-contractingoperatorandthe applicationof the DA Fixed Point Theorem.
Again, this coordinateshift canbe performedautomaticallywithin the semi-
algebraicDA frameavork of COSY Infinity.

Step4. Likein theprevioustwo stepsthe semi-symbolimatureof the DA
framavork allows the linear part L, to be extractedaccuratelyand automati-
cally. Andwhile theone-dimensionaéxampleresultedn L. beingrepresented
by a single numbey the methodwill alsowork in several variableswith ma-
trix expressiondor L. We notethatwithin a framevork of retentionof the
dependencef final conditionson initial conditions,asin the Taylor model
basedintegrators(Berz and Makino, 1998), the linearizationsare computed
automaticallyandarereadily available.

Step5.  With a consisteninitial condition,animplicit ODE systemis de-
scribedbyanonlineaequaioninvolvingthedeperdentvarisblez, itsderivative
z' andtheindependentariablet. If weview z andz’ asmutuallyindependent
andassumeegularity of thelinear partin z’, the Implicit FunctionTheorem
guaranteesohability for z' asafunctionof z andt. Sincetheusualstatements
aboutexistenceanduniquenesfor ODEsapplyto theresultingexplicit system,
regularity of thelinearpartguaranteetheexistenceof auniquesolutionfor the
implicit system.

Step6.  With an origin-preservingoolynomial (); anda purely nonlinear
polynomial @2, the operator© canbewritten as

0(¢) = Q1 (Q2(¢),8;71(¢), ) -

Therefore,© is a well definedoperatorandself-mapon M = {{ : A({) >
1} ¢ ,D,, andbecausef its specialform, O is DA-contracting. Hencethe
DA Fixed Point Theoremguaranteeshat the iteration corvergesin at most
n + 1 steps(sincetheiterationstartswith the correctconstanpart¢(®) = 0,
the processvenconvergesin n steps).

The iteration finds a floating point polynomial which is a fixed point of
the (floating point) operator©®. While this polynomial might differ from the
mathematicallygxactn-th orderexpansiorof thesolution,it is sufficientto find
afixed point of O only to machineprecision,sincedeviationsfrom the exact
resultwill beaccountedor in theremaindetbound.

Step7. It hasbeenshavn (Makino, 1998)thatfor explicit ODEsandthePi-
cardoperatorP, inclusionis guaranteed thesolutionTaylormodelT satisfies
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P(T) c T. Although O differsfrom P, similar agumentscan be madefor
it andfurtherdetailson thiswill be publishedn the nearfuture. Additionally,
it shouldbe notedthatthis steprequiresa verified versionof O, using Taylor
modelarithmeticandintenal enclosuresf z; and L.

While all previous stepsareguaranteedo work wheneer atleastonecon-
sistentz;, canbe found for which the linear partis regular, this stageof the
algorithmcanfail if no suitableTaylor modelcanbe constructed.However,
decreasinghesizeof thetime domainwill generallyleadto aneventualinclu-
sion. Furtherdetailson the constructionof the so-calledSchaudercandidate
setsaregivenin (Makino, 1998).

Step8. Thisfinal stepcomputesan enclosureof the solutionto the origi-
nal problemfrom the computedTaylor modelcontainingthe derivative of the
actualsolution,andit relieson the antidervation beinginclusion-preservig.
However, in orderto maintainverification, the interval enclosurex;, of the
consistentnitial conditionhasto beaddedo the Taylor modelfrom step?.

Integration of DAEs.  Structuralanalysisof Differential Algebraic Equa-
tions (Pryce,2000)allows the automatedransformatiorof DAEs to sohable
implicit ODEs. In conjunctionwith the presentedlgorithm,it cantherefore
be usedto computeverified solutionsof DAEs. However, the regularity of
L. alreadyoffersasuficient criterionfor the sohvability of thederved ODEs:
while thelinearmapL, will generallybesingular by repeatedlylifferentiating
theindividual equation®f the DAE, we eventuallyobtainaregularlinearmap
L. Additionally, the minimumnumberof differentiationsneededletermines
theindex of the DAE.
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